A singularly perturbed boundary value problem for a linear system of two parabolic second order delay differential equations of reaction-diffusion type is considered. As the highest order space derivatives are multiplied by singular perturbation parameters, the solution exhibits boundary layers. Also, the delay term that occurs in the space variable gives rise to interior layers. A numerical method which uses classical finite difference scheme on a Shishkin piecewise uniform mesh is suggested to approximate the solution. The method is proved to be first order convergent uniformly for all the values of the singular perturbation parameters. Numerical illustrations are presented so that the theoretical results are supported.
Introduction
Singularly perturbed differential equations with delay have a wide range of applications -from population dynamics [1] to human physiology and bio system dynamics [2, 3] .
The solutions of these equations exhibit boundary layers due to the presence of the singular perturbation parameter and interior layers due to the presence of the delay term. The derivatives of the solution of these problems exhibit propagating discontinuities depending on the nature of the problem. Hence classical finite difference schemes on uniform meshes are inadequate in providing good approximations. In a series of papers published by Lange and Miura, [4] [5] [6] [7] various aspects of solutions of singularly perturbed delay differential equations were studied through asymptotic analysis and numerical experiments. In [9] , parameter uniform convergence for a parabolic system of singularly perturbed differential equations is established. In [11] , parameter uniform numerical method has been suggested to solve systems of singularly perturbed delay differential equations.
Here in this paper, a numerical method which uses standard finite difference scheme on a Shishkin piecewise uniform mesh is constructed. It is proved that the numerical approximations obtained by this method converge to the exact solution uniformly for all the values of the parameter in the maximum norm. The plan of the paper is as follows. In Section 2, the problem is defined and existence and regularity of the solution of the problem are discussed. In Section 3, the maximum principle for the differential operator is proved and consequently the stability result is established. And also standard estimates of the derivatives of the solution are presented. Further, improved estimates for the derivatives of components of the solution are presented. In Section 4, piecewise-uniform Shishkin meshes are introduced and in Section 5, the discrete problem is defined and the discrete maximum principle and the discrete stability properties are established. In Section 6, numerical analysis is presented and the error bounds are established. In Section 7, numerical illustrations are presented.
The Continuous Problem
A singularly perturbed boundary value problem for a system of two linear parabolic second order delay differential equations of reaction -diffusion type is considered as follows L u(x,t) = ∂ u ∂t (x,t) − E ∂ 2 u ∂ x 2 (x,t) + A(x,t) u(x,t) +B(x,t) u(x − 1,t) = f (x,t) on Ω, 0 ≤ x ≤ 2}, and u(2,t) = φ R (t) on Γ R = {(2,t) : 0 ≤ t ≤ T }. For all (x,t) ∈ Ω, u(x,t) = (u 1 (x), u 2 (x)) T and f (x,t) = ( f 1 (x), f 2 (x)) T . E, A(x,t) and B(x,t) are 2 × 2 matrices. E = diag(ε),ε = (ε 1 , ε 2 ) with 0 < ε 1 < ε 2 << 1, B(x,t) = diag( b(x,t)), b(x,t) = (b 1 (x,t), b 2 (x,t)). For all (x,t) ∈ [0, 2] × [0, T ], it is also assumed that the entries a i j (x,t) of A(x,t) and the components b i (x,t) of b(x,t) satisfy b i (x,t), a i j (x,t) ≤ 0 for 1 ≤ i = j ≤ 2, The problem (2.1) can be rewritten as, L 1 u(x,t) = ∂ u ∂t (x,t) − E ∂ 2 u ∂ x 2 (x,t) + A(x,t) u(x,t) = g(x,t), on Ω 1 = (0, 1) × (0, T ] (2. 4) where g(x,t) = f (x,t) − B(x,t) χ(x − 1,t) L 2 u(x,t) = ∂ u ∂t (x,t) − E ∂ 2 u ∂ x 2 (x,t) + A(x,t) u(x,t) +B(x,t) u(x − 1,t) = f (x,t), (2.5) on Ω 2 = (1, 2) × (0, T ] u(x, 0) = φ B (x) on Γ B 1 = {(x, 0) : 0 ≤ x ≤ 1−}, u(x, 0) = φ B (x) on Γ B 2 = {(x, 0) : 1+ ≤ x ≤ 2}, u(1−,t) = u(1+,t),
The reduced problem corresponding to (2.4) -(2.5) is defined by
In general as u 0 (x,t) need not satisfy u 0 (0,t) = u(0,t) and u 0 (2,t) = u(2,t), the solution u(x,t) exhibits boundary layers at x = 0 and x = 2. In addition to that, as u 0 (1−,t) need not be equal to u 0 (1+,t), the solution u(x,t) exhibits interior layers at x = 1. The norms, || V || = max 1≤k≤n |V k | for any n-vector V , ||y|| D = sup{|y(x,t)| : (x,t) ∈ D} for any scalar-valued function y and domain D, and || y|| = max 1≤k≤n ||y k || for any vector-valued function y, are introduced. When D = Ω or Ω the subscript D is usually dropped. In a compact domain D a function is said to be Hölder continuous of degree
The set of Hölder continuous functions forms a normed linear space C 0 λ (D) with the norm
, which contain functions having Hölder continuous derivatives, are defined as follows
Sufficient conditions for the existence, uniqueness and regularity of solution of (2.1) are given in the following theorem.
, φ R ∈ C 1 (Γ R ) and that the following compatibility conditions are fulfilled at the corners (0, 0) and (2, 0) of Γ,
Then there exists a unique solution u(x,t) of (2.1) satis-
It is assumed throughout the paper that all of the assumptions (2.2), (2.3), (2.8), (2.9), (2.10) and (2.11) of this section hold. Furthermore, C denotes a generic positive constant, which is independent of x,t and of all singular perturbation and discretization parameters.
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Analytical results
Proof. Let i * , x * ,t * be such that
If ψ i * (x * ,t * ) ≥ 0, there is nothing to prove. Therefore suppose that
, which is also a contradiction. Because of the boundary values, the only other possibility is that (x * ,t * ) = (1,t * ). In this case, the argument depends on whether or not ψ i * is differentiable at (x,t) = (1,t). If
which is a contradiction. On the other hand, let ψ i * be differentiable at (x,t) = (1,t). As ∑ 2 j=1 a i * j (x,t)ψ j (x,t) < 0 and all the entries of A(x,t) and
which is a contradiction. Thus we can assume that
Consequently the continuous function ψ i * (x,t) cannot have a minimum at (x,t) = (1,t), which contradicts the assumption (x * ,t * ) = (1,t * ).
As a consequence of the maximum principle, there is established the stability result for the problem (2.1) in the following.
Proof. Let
Define two functions θ ± (x,t) = M e± ψ(x,t) where e = (1, 1) T . Using the properties of A(x,t) and B(x,t), it is not hard to ver-
Standard estimates of the solution of (2.1) and its derivatives are contained in the following lemma. 
Proof. The proof is by the method of steps. First, the bounds of u and its derivatives are estimated in
Next, these bounds of u and its derivatives are used to get the es-
The bound on u is an immediate consequence of Lemma 3.2 in [9] . To bound
∂t (x,t) and
partially with respect to time once and twice respectively, and applying Lemma 3.2 in [9] in the domain [0, 1−] × [0, T ], the bounds on
Then for any x ∈ I ,
Using (3.1) in the above equation
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Rearranging the terms in (2.1), it is easy to get
To bound Analogous steps are used to get the rest of the estimates. Rearranging the differential equation (2.1) and differentiating once and twice give
and the bounds on
The Shishkin decomposition of the exact solution u of (2.1) is u = v + w where the smooth component v is the solution of
and the singular component w is the solution of
The singular component is given a further decomposition
where w is the solution of
and ŵ is the solution of
Here, K 1 and K 2 are constants to be chosen in such a way that the jump conditions at x = 1 are satisfied. Bounds on the smooth component and its derivatives are contained in the following lemma. 
Proof. The proof is by the method of steps. Applying lemma 3.2 in [9] , the estimates of derivatives of 
Using Taylor expansion, it follows that, for some y ∈ [1 − x * , 2 − x * ] and some η, such that x * < η < x * + y,
Rearranging (3.8) yields
Using (3.7) and (3.9) in (3.6),
This leads to
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and from (3.9)
as required. The bounds on
are derived by similar arguments. Repeating the above steps with ∂ v ∂t (x,t), it is easy to get the required bounds on the mixed derivatives.
The layer functions
, associated with the solution u, are defined by
It has to be noted that for i = 1, 2,
The existence, uniqueness and the properties of x (s) can be verified as in [9, 11] . Bounds on the singular component w of u(x,t) and their derivatives are contained in the following lemma. 
and for (x,t)
Proof. First we derive the bound on w on (0, 1) × (0, T ]. To obtain the bound of w, define the functions
Now use the temporary notation
Hence we have
Now construct the barrier functions
Thus by Lemma 3.1 in [9] , ψ
The bounds on ∂ 2 w i ∂ x 2 (x,t) and
are derived by similar arguments.
To obtain the bound for ∂ w i ∂t (x,t), define the two functions
Differentiating the homogeneous equation satisfied by w i , partially with respect to t and rearranging yields
Parameter uniform numerical method for a singularly perturbed boundary value problem for a linear system of parabolic second order delay differential equations -153/160
and we get |L 1
∂t (x, 0)| = 0 as w i (0,t) = w(0), w i (1,t) = K 1 and w i (x, 0) = 0. By Lemma 3.2 in [9] , for a proper choice of C, it follows that
(3.14)
Now the bound for ∂ 2 w i ∂ x∂t is obtained by using Lemma 3.3 and Lemma 3.4
Using (3.11), (3.14) and (3.15) in (3.13),
We now derive the bound on w i on [1, 2] × [0, T ]. From the defining equation for w i , we have
Also, w i (1,t) = K 1 , w i (2,t) = 0. Consider the differential equation
Using the mean value theorem and the bound of w i (x,t), arguments similar to those used to bound To obtain the bound for ∂ w i ∂t (x,t), define the two functions
and we get
∂t (x, 0)| = 0 as w i (1,t) = K 1 , w i (2,t) = 0 and w i (x, 0) = 0. By Lemma 3.2 in [9] , for a proper choice of C, it follows that
Now the bound for ∂ 2 w i ∂ x∂t is obtained by using Lemma 3.3 and Lemma 3.4 
Improved estimates
In the following lemma, sharper estimates of the smooth component are presented. 
Using Lemma 3.4, it follows that, for proper choice of C,
Consider the equation
For convenience, let p denote
where
Let q and r be the smooth and singular components of p given by
where p 0 is the solution of the reduced problem Using Lemma 3.4 and Lemma 3.6, it follows that, for i = 1, 2 and (x,t)
Hence, for (x,t)
Then (4.1) and (4.7), for k = 0, 1, 2, 3 and (x,t)
The bounds on v and its derivatives are similarly derived when
The Shishkin mesh
A piecewise uniform Shishkin mesh with M ×N mesh-intervals is now constructed.
Let
, 
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The parameters τ 1 , τ 2 , which determine the points separating the uniform meshes, are defined by 
, having a total of N 2 mesh points, using the same parameters τ 1 and τ 2 . In particular, when both the parameters τ 1 and τ 2 take on their lefthand value, the Shishkin mesh Ω N becomes a classical uniform mesh throughout from 0 to 2. In practice, it is convenient to take
From the above construction of Ω N , it is clear that the transition points {τ r , 1 − τ r , 1 + τ r , 2 − τ r }, r = 1, 2, are the only points at which the mesh-size can change and that it does not necessarily change at each of these points. The following notations are introduced: h j = x j − x j−1 and if
The discrete problem
In this section, a classical finite difference operator with an appropriate Shishkin mesh is used to construct a numerical method for (2.1), which is shown later to be first order parameter-uniform convergent in time and essentially first order parameter-uniform convergent in the space variable. The discrete two-point boundary value problem is now defined on any mesh by the finite difference method
The problem (6.1) can be rewritten as
This is used to compute numerical approximations to the exact solution of (2.1). The following discrete results are analogous to those for the continuous case. 
and assume that the lemma is false. Then
which is a contradiction. Because of the boundary values, the only other possibility is that
by the hypothesis and so
This concludes the proof of the lemma.
An immediate consequence of this is the following discrete stability result. 
Using the properties of A(x j ,t k ) and B(x j ,t k ), it is not hard to find that
Error estimate
Analogous to the continuous case, the discrete solution U can be decomposed into V and W which are defined to be the solutions of the following discrete problems
The error at each point (x j ,t k ) ∈ Ω M,N is denoted by
Then the local truncation error L M,N e(x j ,t k ), for j = N/2, has the decomposition
The error in the smooth and singular components are bounded in the following theorem. 
Proof. For j = N 2 , as the expression derived for the local truncation error in V and W and estimates for the derivatives of the smooth and singular components are exactly in the form found in [9] , the required bounds hold good. At the point x j = x N/2 ,
Therefore,
Define, for i = 1, 2 and for each t k , a set of discrete barrier functions on Ω M,N by
Note that
and from (7.9), for any i and 0 ≤ j ≤ N/2,
implies that, for any i and
Similarly, for any i and N/2 ≤ j ≤ N, (7.12) holds.
In particular, at x j = x N/2 , using (7.17), (7.15) and (7.11),
From (7.16) and (7.17),
We now state and prove the main theoretical result of this paper.
Lemma 7.2. Let u(x j ,t k ) denote the exact solution of (2.1) and U(x j ,t k ) the solution of (6.1). Then, for 0
Proof: Consider the mesh function Ψ given by
(7.22) Using (7.19) in (7.22) and Theorem 7.1,
Using (7.20) in (7.23) and Theorem 9,
Let µ i (x j ) = ∑ i l=1 a il (x j ,t k ) − α ω i (x j ,t k )+∑ Ch * ε i ±C h * ε i , using (7.8) and (7.18) ≤ 0, for proper choice of C 2 .
(7.24) Also, using (7.11), Ψ i (0,t k ) = C 1 (M −1 + N −1 ln N) ≥ 0, Ψ i (2,t k ) = C 1 (M −1 + N −1 ln N) ≥ 0, Ψ i (x j , 0) = C 1 (M −1 + N −1 ln N) ≥ 0. Therefore, using Lemma 6.1 for Ψ, it follows that Ψ i (x j ,t k ) ≥ 0 for all i = 1, 2, 0 ≤ j ≤ N, 0 ≤ k ≤ M. As, from (7.13),
which completes the proof.
Numerical Illustration
The ε-uniform convergence of the numerical method proposed in this paper is illustrated through an example presented in this section.
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∂t (x,t) − ε 2 ∂ 2 u 2 ∂ x 2 (x,t) − u 1 (x,t) + 4u 2 (x,t) − u 2 (x − 1,t) = 5 u 1 (x,t) = 1 for x ∈ [−1, 0] × [0, T ], u 1 (0,t) = 1, u 1 (x, 0) = 1, u 1 (2,t) = 1, u 2 (x,t) = 1 for x ∈ [−1, 0] × [0, T ], u 2 (0,t) = 1, u 2 (x, 0) = 1, u 2 (2,t) = 1 Fixing a fine Shishkin mesh with 32 points horizontally, the problem is solved by the method suggested above. The order of convergence and the error constant are calculated for t and the results are presented in Table 1 . A fine uniform mesh on t with 32 points is considered and the order of convergence in the variable x is calculated. The results are presented in Table 2 . A graph of the numerical solution is presented in the figure 1. 
